Measurements of anisotropic mass of magnons confined in a harmonic trap
  in superfluid $^3$He-B by Zavjalov, V. V. et al.
ar
X
iv
:1
60
1.
04
19
2v
1 
 [c
on
d-
ma
t.o
the
r] 
 16
 Ja
n 2
01
6
Measurements of anisotropic mass of magnons confined in a harmonic
trap in superfluid 3He-B
V. V. Zavjalov1), S. Autti, V. B. Eltsov, P. J. Heikkinen
Low Temperature Laboratory, Department of Applied Physics, Aalto University, PO Box 15100, FI-00076 AALTO, Finland
We can pump magnons to a nearly harmonic magneto-textural trap in superfluid 3He-B. Using the NMR
spectroscopy of levels in the trap we have measured the anisotropic magnon mass and related values of the
spin-wave velocities. Based on our measurements we provide values of the Fermi-liquid parameter F a1 .
INTRODUCTION
3He-B is the topological superfluid with gapless Ma-
jorana fermions on the boundary (see recent review [1]).
Optical magnons in a magneto-textural trap proved to
be a useful and convenient experimental tool for study-
ing various properties of superfluid 3He-B. A number of
effects can be observed in this system such as Bose-
Einstein condensation of magnons [2], Suhl instabil-
ity [3] with excitation of other spin-wave modes includ-
ing a longitudinal Higgs mode [4], self-localization of
magnons [5]. It can be used as a probe of quantized
vortices [6], Andreev bound states and gravity waves on
the 3He surface [7], boundary between 3He-A and 3He-B
superfluids [8]. It also can be used as a tool for accu-
rate measurements of various 3He parameters and as a
thermometer which works below 0.3 mK [8].
For proper interpretation of these measurements, ba-
sic properties of magnons should be accurately known.
In this paper we report detailed measurements of
magnon spectra from which we find the anisotropic
magnon mass and spin-wave velocity in 3He-B.
SPIN WAVES IN 3HE-B
The equilibrium state of superfluid 3He-B is de-
scribed by the order parameter matrix:
Aaj =
1√
3
∆ eiϕRaj , (1)
where ∆ is the energy gap, ϕ is the phase, and Raj is
a rotation matrix which can be written in terms of the
rotation axis n and the angle θ as
R0aj = cos θ δaj + (1 − cos θ) nanj − sin θ eajknk. (2)
In non-zero magnetic fields the gap becomes anisotropic,
but for fields used in this work we can neglect this effect.
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Spin waves in 3He-B correspond to oscillations of the
rotation matrix Raj . The motion is affected by the en-
ergy of the spin-orbit interaction Fso and the gradient
energy F∇:
Fso =
χBΩ
2
B
15γ2
(RjjRkk +RjkRkj), (3)
F∇ =
1
2
∆2(K1G1 +K2G2 +K3G3), (4)
where
G1 = ∇jRak∇jRak,
G2 = ∇jRak∇kRaj ,
G3 = ∇jRaj∇kRak,
χB is the spin susceptibility of the
3He-B, γ the gyro-
magnetic ratio for the 3He atom, ΩB the Leggett fre-
quency, and K1,K2 and K3 are parameters of the gra-
dient energy.
The linear equation of small spin oscillations near
the equilibrium value S0 = (χB/γ) H is [9]
S¨c = [S˙× γH]c + (5)
+
∆2γ2
χB
[
K ∇2 Sc −K ′ ∇jR0cjR0ak∇k Sa
]−
− Ω2B nˆ · (S− S0) nˆc,
where K = 2K1 +K2 +K3 and K
′ = K2 +K3.
In a texture where n is almost parallel to H or
in a high magnetic field ωL = |γH | ≫ ΩB one can
separate transverse (S − S0 ⊥ H) and longitudinal
(S − S0 ‖ H) oscillations of spin. For a harmonic solu-
tion S− S0 = s eiωt one can write[
−c2⊥∇2 − (c2‖ − c2⊥)∇j lˆj lˆk∇k +
Ω2B
2
sin2 βn
]
s+ =
= ω(ω − ωL) s+,[
−C2⊥∇2 − (C2‖ − C2⊥)∇j lˆj lˆk∇k +Ω2B cos2 βn
]
sz =
= ω2 sz,
(6)
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where s+ =
1√
2
(sx+ isy), βn is an angle between nˆ and
H, the orbital anisotropy axis lˆj = RajSˆ
0
a, and
c2⊥ =
γ2∆2
χB
(K −K ′/2), c2‖ =
γ2∆2
χB
K,
C2⊥ =
γ2∆2
χB
K, C2‖ =
γ2∆2
χB
(K −K ′).
(7)
In the case of short wavelengths (when the spin
changes on a much shorter distance than the texture)
one can write spectra for plane waves with a wave vec-
tor k:
c2⊥ k
2 + (c2‖ − c2⊥)(k · lˆ)2 +
1
2
Ω2B sin
2 βn = ω(ω − ωL),
C2⊥k
2 + (C2‖ − C2⊥)(k · lˆ)2 +Ω2B cos2 βn = ω2, (8)
Here the meaning of all parameters becomes clear:
c⊥ and c‖ are velocities of transverse waves, propagat-
ing perpendicular and parallel to the lˆ direction; C⊥
and C‖ are the velocities of longitudinal waves; ΩB is a
frequency of the uniform longitudinal NMR in a texture
with n||H.
The first equation in (8) describes transverse spin
waves, which are similar to that in ferromagnets. In
the presence of magnetic field it has two solutions ω(k),
which are called acoustic (low ω) and optical (high ω)
magnons. The second equation for longitudinal waves
is unique for 3He. Spin-wave spectrum in a uniform
texture is presented on Fig. 1.
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Fig. 1. Quasiclassical spin-wave spectrum in a uniform
texture (βn = const.). There are two branches of trans-
verse waves and one of longitudinal waves (8). Slopes
of the branches at k →∞ are spin-wave velocities, they
depend on the direction of propagation. Values at k = 0
give resonance frequencies in the uniform NMR.
Gradient energy coefficients were calculated in
Refs. [11, 12]. In particular, they depend on two
antisymmetric Fermi-liquid parameters F a1 and F
a
3 .
Neglecting the high-order parameter F a3 , one have:
K1 = K2 =
2
∆2
~
2ρ
40 mm∗
(1 + 13F
a
1 )(1 − Y0)
1 + 13F
a
1 − 15F a1 (1− Y0)
, (9)
K3 = K1
1 + 13F
a
1
1 + 13F
a
1 Y0
.
Here m is the bare mass of 3He, m∗ is the effective
mass of Fermi-liquid quasiparticles, ρ is the 3He density
and Y0 is the temperature-dependent Yosida function.
Without Fermi-liquid corrections K1 = K2 = K3
and one has
c⊥/c‖ =
√
3/4, C⊥/C‖ =
√
2. (10)
SCHRO¨DINGER EQUATION FOR OPTICAL
MAGNONS
In the case of optical magnons with ω ≈ ωL, in the
texture where nˆ is almost parallel to H, the first equa-
tion in (6) can be rewritten in a form of a Schro¨dinger
equation for a magnon quasiparticle with an anisotropic
mass: [
−∇
2
x +∇2y
2m⊥
− ∇
2
z
2m‖
+ U
]
s+ = E s+ (11)
Here complex value s+ plays role of the magnon wave
function, the energy is defined by the precession fre-
quency E = ~ω, and the values of the magnon mass
are
m⊥ =
~ωL
2c2⊥
, m‖ =
~ωL
2c2‖
. (12)
Potential for magnons U is formed by the order param-
eter texture βn and the magnetic field ωL:
U =
~Ω2B
2ωL
sin2 βn + ~ωL. (13)
In our setup we are able to create a harmonic trap for
magnons in 3He bulk far from cell walls. Using spec-
troscopy of levels in the trap we measure the magnon
mass.
EXPERIMENTAL SETUP
We work with a 3He sample confined in a long
quartz tube (diameter 5.85 mm, length 15 cm) and
cooled in a nuclear demagnetization cryostat. Temper-
ature is measured by two vibrating tuning forks, lo-
cated in the lower part of the experimental cell. Ex-
periments are performed in the low temperature limit
(T = 0.13 − 0.20 Tc), where such parameters as the
gap ∆, Leggett frequency ΩB, spin wave velocities c‖,⊥,
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H
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NMR coils
Qartz cell
Trap for magnons
Longitudinal coil
Fig. 2. Top part of the experimental cell. Arrows in
the cell volume represent the order parameter texture
(ˆl vector).
susceptibility χB do not depend on temperature. Pres-
sures 0–29 bar are used.
The experimental volume is located near the upper
end of the tube (Fig. 2). The NMR spectrometer in-
cludes a transverse pick-up coil made from copper. The
coil is a part of the tuned tank circuit. Capacitor of the
circuit is installed at the mixing chamber temperature,
it can be switched to 8 different values changing the
resonance frequency in the range 550–830 kHz, which
corresponds to the NMR in 3He at the magnetic field
17.0–25.5 mT. The Q value of the tank circuit is in the
range 125–135 depending on the frequency.
In addition to the NMR solenoid, which produces a
static magnetic field, a small superconducting longitu-
dinal coil is used to create a minimum of the field at the
center of the coil system. For the interpretation of the
measurements it is important to know the field profile.
We determine the profile using continues-wave (CW)
NMR spectra measured in the normal 3He (Fig. 3).
MAGNETIC FIELD PROFILE
In the simplest model the field of the main solenoid
is uniform and proportional to the current I in it. The
field of the longitudinal coil can be calculated as that of
a current loop with the radius Rm, number of turns Nm
and current Im.
Since both coils are superconducting, they distort
the field. We have studied this effect numerically. Dis-
tortion of the main solenoid field can be accounted for
by introduction of some additional current in the longi-
tudinal coil I0m ∝ I. Distortion of the longitudinal coil
field can be taken into account by introducing an ad-
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Fig. 3. Measured (points) and calculated (lines) NMR
signals in normal 3He at different values of Im for the
top spectrometer. Upper plot shows Im in the range
from −4 A to 4 A, amplitude is multiplied by |Im|;
lower plot shows Im in the range −0.25 A to 0.25 A.
ditional uniform field proportional to Im and adjusting
the effective radius Rm of the loop.
We also introduce a tiny transverse gradient g =
∂H/∂x to explain the appearance of the double peak
at |Im| < 0.1 A. This effect is small and not important
for most of our measurements (since it does not affect
the quadratic terms in H), we use it only to improve
fitting of normal phase spectra.
The combined field is
Hz =M I − [M0 + F (r, z)− F (0, 0)] I∗m + g x, (14)
where F (r, z) is a field of a circular loop with Nm turns,
radius Rm and 1 A current and parameters have been
found by fitting the normal 3He CW NMR spectra:
M = 9.66914 mT/A, M0 = 0.22305± 0.00005 mT/A,
I∗m = Im + I
0
m, I
0
m = −0.0292 I,
Rm = 1.032± 0.005 cm, g = 0.02 mT/cm (15)
Minus sign in front of the second term in (14) shows that
the longitudinal coil is directed opposite to the NMR
solenoid to provide field minimum along the z axis for
a positive current Im. Measured and calculated spectra
in normal 3He are shown in Fig. 3.
In experiments with trapped magnons only
quadratic terms in the field distribution near the
center of the experimental volume are important.
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Expansion of the analytical formula for a field of a
current loop gives
F (r, z) = Nm
µ0
2Rm
(
1− 3z
2
2R2m
+
3r2
4R2m
)
, (16)
where µ0 is vacuum permeability. Note that the ra-
tio of quadratic terms of Hz in the z and r direction
equals −2. This comes from the Maxwell equations and
should be valid for any field distribution with this kind
of symmetry. Our model for the field profile near the
center gives
Hz = H0 −Mr(r2 − 2z2)I∗m. (17)
where Mr = 3Nµ0/8R
3
m = 0.1652± 0.0024 mT/A/cm2
and H0 is the field in the center.
MAGNON SPECTRA MEASUREMENT
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Fig. 4. Excitation of magnon levels in pulsed NMR.
Color-coded amplitude of the Fourier transform of the
signal from the pick-up coil is plotted as a function of
time. A pulse of 0.96 ms duration excites a wide range
of levels, seen as vertical lines. Levels are marked by
quantum numbers (nr, nz).
In our cylindrical cell order parameter of 3He-B
forms a so-called “flare-out” texture [10]. Near the cell
axis the angle βn can be approximated by a linear func-
tion of radial coordinate, βn(r) ≈ β′nr. Together with
the quadratic field profile (17) this results in a harmonic
trap for magnons. The potential (13) can be written in
the form
U = ~ω0 +m‖
ω2zz
2
2
+m⊥
ω2rr
2
2
, (18)
where
ω0 = |γ|H0, ω2z = 8c2‖
MrI
∗
m
H0
, (19)
ω2r = 2
(
c⊥ΩBβ′n
γH0
)2
− 4c2⊥
MrI
∗
m
H0
.
We can observe only axially symmetric and z-even
eigenstates in the harmonic potential, since they have
non-zero total transverse magnetization. Corresponding
frequencies are
2pif(nr,nz) = ω0 + (2nr + 1) ωr + (nz + 1/2) ωz, (20)
with nr = 0, 1, 2 . . . and nz = 0, 2, 4 . . .
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Fig. 5. Examples of spectra measurements. Dif-
ferences between excited levels and the ground level,
f(nr ,nz) − f(0,0) is plotted as a function of Im. Whole
set of lines is a single fit to Eq. (20). Only (1,0) and
(0,2) states are used to find the fit parameters.
We use pulsed NMR to populate a few lowest levels
in this harmonic trap (Fig. 4). If the number of magnons
in the system is small enough, interaction between the
levels is negligible and multiple states can be resolved in
the measurement using Fourier transform as in Fig. 4.
We measure differences f(nr,nz) − f(0,0) between higher
levels and the ground level. This can be done with a
precision better than 1 Hz. The measurements are re-
peated as a function of the longitudinal coil current Im.
With this procedure we separate the magnetic part of
the potential which depends on Im from the textural
part. In Fig. 5 an example of such measurement is pre-
sented. Data are fitted using the resonant condition (20)
with frequencies (19). We use only nr = 1 and nz = 1
states at Im > 0.5 A to reduce inharmonic effects which
grow with increasing spatial extent of the standing spin
wave.
We have found that the spectrum can be affected by
textural defects, created when 3He is cooled down from
the normal phase [13]. Fig. 6 shows the magnon spec-
tra measured in textures with and without defects. It
is possible to remove defects by applying a large NMR
pumping for a period of a few seconds.
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Fig. 6. Spectra measured in a texture with and without
defects (open and filled circles correspondingly).
We have done spectra measurements for NMR fre-
quencies f0 = 550 − 830 kHz and pressures P =
0 − 29 bar. We fit the data using four parameters:
Mrc
2
‖, Mrc
2
⊥, c⊥ΩBβ
′
n and I
0
m. The first two parame-
ters describe the magnetic part of the potential, they
are responsible for the axial and radial level depen-
dence on Im. Using these parameters and the Mr con-
stant (17) one can find spin wave velocities. As ex-
pected, they do not depend on the frequency of the
measurements. The pressure dependence is shown on
Fig. 7. Accuracy of c‖ measurement is much better then
that of c⊥ because axial levels have stronger dependence
on Im. The bad texture also has a smaller effect on
it. Theoretical values, calculated using (7) and (9) are
shown by dashed lines, the ratio c‖/c⊥ is presented on
the inset of the figure. The smoothed measured values
can be represented as (solid lines in the figure):
c‖(P [bar]) =
387
20.544 + P
+ 5.94 [m/s] (21)
c⊥(P [bar]) =
348
21.138 + P
+ 5.13 [m/s] (22)
The third fitting parameter, c⊥ΩBβ′n describes tex-
tural part of the radial potential, which does not depend
on Im. It gives us information about the texture close
to the cell axis. The detailed structure of the texture
obtained from the magnon spectra measurements will
be published elsewhere. The last fitting parameter, I0m
is proportional to the NMR frequency and does not de-
pend on pressure. Its value is given by (15).
FERMI-LIQUID PARAMETER Fa1
We can use expressions (7) and (9) to calculate spin-
wave velocities in in the whole range of temperatures
c ‖
,c
⊥
,
m
/
s theory
p
4/3
0 10 20 30
0 5 10 15 20 25 30
26
24
22
20
18
16
14
12
10
P, bar
c ‖
/
c ⊥
1.08
1.12
1.16
1.20
c⊥
c‖
P , bar
Fig. 7. Spin-wave velocities as a function of pressure.
Filled and open circles with error bars show measured
values of c‖ and c⊥. Dashed lines are theoretical val-
ues (7), solid lines are approximations (21). In the inset
the ratio c‖/c⊥ is plotted.
F a1
P , bar
our data
Greywall-1983
-1.1
-0.9
-0.8
-0.7
-0.6
-0.5
-1.0
5 10 15 20 25 30 350
Fig. 8. Fermi-liquid parameter F a1 as a function of
pressure. Values restored from our spin-wave veloc-
ity measurements (Fig. 7) are shown by filled circles.
The error bars show statistical uncertainty from the
measurements, possible systematic error from ignoring
high-order Fermi-liquid parameters and strong-coupling
effects is not included. Open circles are measurements
from [15].
and pressures. Values of susceptibility χB and effective
mass m∗ are known reasonably well [14]. For theoret-
ical curves in Fig. 7 we use value of F a1 from [15]. It
was found using normal 3He specific heat measurements
at relatively high temperatures (20–100 mK), where the
Fermi-liquid approximation might not be very accurate.
Higher-order Fermi-liquid parameters were neglected in
that work. Other measurements of F a1 [16, 17] claim
even less accuracy. We have found F a1 from our mea-
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sured values of the spin-wave velocities (see Fig. 8).
In the calculation we used Eq. (9) which was obtained
in the weak-coupling approximation and neglects high-
order Fermi-liquid parameters. Our results can be ap-
proximated as
F a1 (P [bar]) = −0.598− 0.00214 P. (23)
This pressure dependence is much weaker than that
found in Ref. [15]. The discrepancy at high pressures
might originate in the strong-coupling effects which are
not included in the used theoretical model.
CONCLUSION
In this paper we have presented our measurements of
spectra of magnons in a magneto-textural trap in 3He-
B. The trap size can be controlled by the magnetic field,
which allowed us to separate the magnetic and textural
effects on the magnon levels in the trap and to measure
spin-wave velocities. Values of the spin-wave velocities
determine anisotropic magnon mass tensor and can be
used to find Fermi-liquid parameter F a1 . These new data
could be used in future to refine values of other 3He-B
parameters, including properties of the orbital order-
parameter texture and the magnetic relaxation proper-
ties like spin diffusion. The latter is essential for ap-
plication of trapped magnons as a self-calibrating ther-
mometer in a microkelvin regime.
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